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Olivier Wittenberg 


We study the restriction map to the closed fiber of a regular projec¬ 
tive scheme over an excellent henselian discrete valuation ring, for 
a cohomological version of the Chow group of relative zero-cycles. 
Our main result extends the work of Saito-Sato [SSIO] to general 
perfect residue fields. 


1. Introduction 

Let A be an excellent henselian discrete valuation ring with perfect residue 
field k of exponential characteristic p. Let X/Ahe& regular connected scheme 
which is projective and flat over A, such that the reduced special fiber Y C X 
is a simple normal crossings divisor. Let d be the dimension of Y. 

Let A be a commutative ring. We denote by H^’^{Y) := A(j)) 

the motivic cohomology group defined by Suslin-Voevodsky as the cdh- 
cohomology of the motivic complex A(j) [SV02]. In particular, for Y/k 
smooth, there is an isomorphism H‘^^’^{Y) = Cm(V)A onto the Chow group 
of codimension j cycles with A-coefficients. Therefore one can view 
as a cohomological version of the Chow group of zero-cycles up to rational 
equivalence, while for singular Y, the usual Chow groups form a Borel-Moore 
homology theory. Note that for d = 1 we have = Pic(y) (8> A. 

We say that an integral one-cycle Z d X is in general position if Z 
is flat over A and Z does not meet the singular locus of Y. Let Zf{X) be 
the free Z-module generated by these integral one-cycles in general position. 
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An integral one-cycle in general position Z d X can be restricted to a 
zero-cycle \Y r\ Z\ S Zo(H®™) on the smooth locus of Y. This yields a 
homomorphism of abelian groups 

p : Zf(X) ^ Zo(y^”). 

For a closed point y E T®™, there is a purity isomorphism A = 
for motivic cohomology with support in y. These isomorphisms induce a 
homomorphism of A-modules Zo(F®™)a —>• H‘^'^’d(Y). On the other hand, 
denoting by CHi(X) the Chow group of one-cycles on X, one has canonical 
homomorphisms Zf(X) ^ Zi(X) —)• CHi(A"). We can now formulate the 
main theorem of this note. 

Theorem 1.1. Let A = Z/mZ with m prime to p. 

1) If k is finite or algebraieally closed, or [d— 1)! is prime to m, or A has 
equal characteristic, or XjA is smooth, then there is a unique A-module 
homomorphism p making the diagram 

zf (w)a Zo(y«”)A 


commutative. 

2) If p '■ CHi(X)a —)• Il‘^d4{Y) is a homomorphism of A-modules making 
the above diagram commutative, then it is an isomorphism. 

Up to an explicit presentation of H‘^d4(Y'j^ established in Theorem 7.1 
below, part 1) is discussed in Sections 3 and 8 and part 2) is Corollary 5.2. 

In the case when k is finite or algebraically closed, Theorem 1.1 is equiv¬ 
alent to and reproves results of Saito-Sato [SSIO] in view of the etale re¬ 
alization isomorphism, Proposition 9.1 below. In fact, in some sense, our 
arguments extend to general residue fields k the simplified approach to the 
results of Saito and Sato which is developed in [EW13, App.]. 

By the moving lemma of Gabber-Liu-Lorenzini [GLL13], CHi(X) is 
generated by Zf{X), so uniqueness in Theorem 1.1 is clear. Surprisingly, one 
of the main difficulties is the construction of p, which, as of today, can be 
performed only under the extra assumptions of 1). It is expected that the 
homomorphism p with the properties of part 1) exists in general for any ring 
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of coefficients A. So far, we do not have the necessary motivic techniques at 
our disposal to show this. 

The proof of part 1), in Section 8, rests, in equal characteristic, on the 
Gersten conjecture for Milnor iC-theory due to the first author [Ker09]; when 
the residue field is finite, on the etale realization using the Kato conjecture 
established in [KS12]; when {d — 1)! is prime to m, on algebraic itT-theory 
and the Grothendieck-Riemann-Roch theorem [BS98]. 

As for 2), the proof in Sections 4 and 5 relies on an explicit geometric 
presentation of which is discussed in Sections 2 and 7, together 

with an idea of Bloch [EW13, App.] which enables one to construct an inverse 
to p in Section 5. Note that for 2), it is essential that A = Z/mZ and that 
m be prime to p. 

When A/A is smooth, the restriction map p factors as 

GHi(A) ^ GHo(Ak) ^ CHo(y) 

where sp denotes the specialization homomorphism [Ful84, 20.3.1]. Here we 
use the identification = CHo(T)a for Y/k smooth and A arbitrary 

[MVW, Thm. 19.1]. So one deduces from Theorem 1.1 

Corollary 1.2. Let A = "L/niL with m prime to p. If X/A is smooth, the 
specialization homomorphism sp : GHo(Aa')a —>■ CHo(T)a is an isomor¬ 
phism. 

As an application of Theorem 1.1, we show, in Proposition 9.4, that for 
a formal Laurent power series field K = k{{'K)) with [k : Qp] < oo, the Ghow 
group CHo(Aa')a is finite for A = Z/mZ assuming p is prime to m. 

in the final section we state a conjecture describing CHi(A)a for the 
case A = Z/mZ with m not necessarily prime to p. We also explain in which 
motivic bidegrees we expect the analogue of Theorem 1.1 to be true. 

2. The cycle group C(Y) of a simple normal crossings 
variety over a perfect field 

2.1. Simple normal crossings varieties 

In this section we make precise the notion of simple normal crossings varieties 
we shall use throughout the article. 

Let A: be a perfect field of exponential characteristic p with algebraic 
closure k. A d-dimensional A:-scheme T is a normal crossings variety (nc 


4 


Moritz Kerz, Helene Esnault and Olivier Wittenberg 


variety) if it is reduced, quasi-projective (which implies of finite type) and if 
for any closed point y £ Y^, the henselized local ring Oy_ ^ is fc-isomorphic 

to k[yi, ■■■ ,yd+i]’^/( 111 = 11 / 1 ) < r < d+l). The variety T is a simple 

normal crossings variety (snc variety) if it is a nc variety and additionally 
every irreducible component of Y is smooth over k. Here the henselization 
, yr]^ of a polynomial ring over a ring R means henselization in the 
ideal {yi,...,yr). 

By a simple normal crossings divisor (snc divisor) we denote what is 
called a strict normal crossings divisor in [dJ96, 2.4]. We use the notation of 
normal crossings divisor (nc divisor) as in loc. cit. We recall that if T is a nc 
divisor on a scheme X, then by definition X is regular at the points of Y. 

Let H be a henselian discrete valuation ring with residue field k. Let A 
be the integral unramified extension of A with residue field k. For a scheme 
X/A we write X^ for the scheme X Xa A. We denote by vr a fixed prime 
element of A (thus of H). 

Lemma 2.1. Let X be a scheme which is flat and of finite type over A. If 
the reduced special fiber Y is a nc divisor, the henselized local ring 0^_ y at 
a closed point y of Y^ is A-isomorphic to 

r 

(2.1) H[yi,...,y,+i]V(nyr-™)> 

i=\ 

where u is a unit of A[yi ,..., yu+i]^ and the mi are positive integers (r > 1). 

Proof. Choose generators yi,... ,yd+i of the maximal ideal of y such 
that the product of the first r defines the snc divisor on X^ around y. The 
divisor of vr on the regular scheme Spec y is of the form div(y™^ • • • y™'') 
for certain mj. So the canonical surjection 

A[yi ,..., yd+i]^ ^^A,y 

factors through a ring of the form (2.1) with a unit n, since A\yi, ..., yd+i]^ 
is regular. By dimension reasons this map is an isomorphism as the ring (2.1) 
is integral. □ 

Lemma 2.2. Let X be a scheme which is flat and of finite type over A. The 
following conditions are equivalent: 

(i) the reduced special fiber Y/k of X is a nc variety and X is regular at 
the points of Y, 
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(ii) Y <Z X is a nc divisor (thus X is regular at the points of Y). 

This assertion remains true if one replaces nc with snc. 

Proof. The only nontrivial part is to show that if T is a nc divisor on X it 
is a nc variety over k. But this follows from Lemma 2.1. □ 

A 1-dimensional closed subscheme C of a snc variety T is a simple normal 
crossings subcurve (snc subcurve) if its (scheme-theoretic) intersections with 
the irreducible components Yi oiY are smooth and purely 1-dimensional, if 
its intersection with YiPiYj is reduced and purely 0-dimensional for all i ^ j 
and if its intersection with l)ny) nY£ is empty for all i ^ j ^ i ^ i. We stress 
that according to this definition, if a smooth irreducible curve contained in Y) 
is a snc subcurve of Y, then it must be disjoint from YidYj for every j ^ i. 

Lemma 2.3. A snc subcurve C of a snc variety Y is regularly immersed 
and is itself a one-dimensional snc variety. 

Proof. Consider a closed point y of Y^ lying on C. For y G T®™ the curve C 
is regular at y. For ?/ G Yi D Y 2 we choose an isomorphism 

^Y-^,y - ■ ■ ■ ,yd+i]]/iyiy2) =■ O. 

Let X be the ideal defining C in O. As C D W and Yf are regular the ideal 
X ■ OI{y 2 ) is generated by a regular sequence z'^,..., z'^_^ 2 _- Lift this sequence 
to ^; 3 ,..., Zd+i G X. Then 

O = ^[[ 2 / 1 ,2/2, ^ 3 , ■ ■ ■, ^d-i-ijj/iym) 

and C is defined by the regular sequence Z 3 ,..., Zd+i. □ 

2.2. Cycle group of a simple normal crossings variety 

Throughout the article, we let A be a commutative ring with unity. All mo- 
tivic cohomology groups have A-coefficients, while Chow groups have integral 
coefficients, unless otherwise specified. 

Let us assume from now on that Y/k\s a snc variety of dimension d. The 
abelian group C(Y) we define in this section can be thought of as a coho- 
mological variant of the Chow group of zero-cycles of Y with A-coefHcients. 
Recall that, in contrast, the usual Chow groups form a Borel-Moore homol¬ 
ogy theory. In fact, we will see in Section 7 that for p invertible in A and Y 
proper, the group C{Y) is isomorphic to motivic cohomology F7^'^(Y);dh, ^{d)) 
in the sense of Suslin-Voevodsky [SV02]. 
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Let y®™ be the smooth locus of Y over k and y®'°§ its complement 
with the reduced subscheme structure. Let Zo(y®™) be the free Z-module 
generated by the integral zero-dimensional subschemes of y®™. The group 
C(y) is defined by an exact sequence 

0 ^ 7e ^ Zo(>""”)a ^ C{Y) 0 

where TZ is the sub-A-module of Zo(y®™)A generated by divisors div(( 7 ) as¬ 
sociated with rational functions g on curves C of the following two types. 

Type 1 data: A type 1 datum is a pair {Ci,gi). Here Ci is an integral one¬ 
dimensional closed subscheme Ci C y which is not contained in y®™s. Let g 
be the generic point of Ci and let be Ci x y y®™s with the reduced sub¬ 

scheme structure, where Ci is the normalization of Ci. The rational function 
gi is an element of ker( 0 ^^ C“u{r)} ^ rational function 

on Cl, which is defined and equal to 1 over C^. 

Type 2 data: A type 2 datum is a pair ( 6 * 2 , S' 2 )- Here (72 C T is a snc subcurve 
on y. Let be the hnite union of ( 72 ny““® and the set of maximal points 
of C 2 ■ The function g 2 is an element of . 

The group C(y) is a variant of the cycle group studied in [LW85]. Note 
that ifY/k is smooth, then C(y) = CHo(y)A- 

3. The restriction homomorphism 

Let A be an excellent henselian discrete valuation ring with perfect residue 
field k of exponential characteristic p. Let X be a regular connected scheme 
which is projective and flat over A, such that the reduced special fiber Y 
of y is a snc divisor. So Y/k is a snc variety by Lemma 2.2. Let A be a 
commutative ring with unity. 

By 7ji{X) we denote the free Z-module generated by the integral closed 
subschemes Z <Z X oi dimension one. We write [Z] C Zi(X) for the asso¬ 
ciated generator. The subgroup Zf(X) C Zi{X) of ‘generic’ elements is by 
definition generated by those integral cycles \Z] such that Z is flat over A 
and y n y®“g = 0 . 


To a zero-dimensional closed subscheme S C T®™, one associates as usual 
the element 


[5] = J]length( 05 ,.)N eC(y). 
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Here length is the length of a ring as a module over itself. 

One obtains the pre-restriction homomorphism 

(3.1) p : Zf(A) ^ Zo(y"“), [Z]^[ZnY]. 

In Section 8 we prove the following theorem. 

Theorem 3.1 (Restriction). Assume that A = 'L/rriL with m prime to p 
and that additionally one of the following conditions holds: 

(i) k is algebraically closed, 

(a) k is finite, 

(Hi) {d— 1)! is prime to m, 

(iv) A is equicharacteristic, 

(v) X/A is smooth. 

Then there is a unique restriction homomorphism p : CHi(A)a C(Y) such 
that the diagram 

CHi(A)A^^C(y) 

z?(A)A^^Zo(y^”)A 


is commutative. 

Remark 3.2. Rather than proving Theorem 3.1 under the assumption (iii), 
we will see, more generally, that the restriction homomorphism exists for any 
ring A in which p{d — 1)! is invertible. 

By [GLL13, Thm. 2.3], the left vertical map in the diagram is surjective 
for any ring A, so uniqueness of p is clear. A direct approach to the con¬ 
struction of p would be to prove a moving lemma. Unfortunately, such Chow 
type moving lemmas are not available in mixed characteristic. We explain in 
Section 8 how to use the extra hypotheses to yield an indirect proof. 

A general theory of derived mixed motives over base schemes, which 
satisfies standard properties, would show that the restriction map exists for 
any A in complete generality. Unfortunately, such a theory is not available 
at the moment. 
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4. Canonical lifting of zero-cycles 

We use the notation of Section 3, in particular recall we considered the solid 
arrows in the diagram 


CHi(X)a 

-t- 

\ 7 

(4.1) 

Zf(X)-^Zo(W”). 


It is well known that the map p is surjective, i.e. one can lift zero-cycles on 
to flat one-cycles on X/A. As the idea for this construction is central for 
the arguments in this section and the next one, we recall it. Given a closed 
point y G H™, let (ai,...,Orf) € be a regular sequence generating 

the maximal ideal. Lift these parameters to elements hi,... , 0 ^ G C)x,y Let 
Z^oc ^ Spgc Ox,y be the associated closed subscheme of the ideal 

aiOx,y +-h adOx,y C Ox,y 

and let Z be the unique irreducible component of the closure of in X 
which contains y. Then Z is finite, flat over A and Z r\Y \s the integral 
scheme associated with the point y £Y, so Z defines a lifting of y to Z^(X). 

Of course this lifting is not unique if d = dim(y) > 0. However under 
certain conditions the lift is unique in the Chow group, i.e. there exists a 
unique dashed map 7 making the diagram (4.1) commutative. The goal of 
this section is to explain this fact. We use the notation of Theorem 3.1. 

Proposition 4.1. Let X be a regular scheme, flat and projective over A, 
whose reduced special fiber Y is a snc divisor on X. Let A = Z/mZ with 
m prime to p. The group ker (p : Zf{X)\ — Zo(ir^”) a) is contained in 
ker (Z^(X)a —?> CHi(A)a). In particular, there exists a unique homomor¬ 
phism 7 : Zo(H*^™) ^ CHi(X)a making the diagram (4.1) commutative. 

Proof. We first assume d = 1. There is a commutative diagram involving 
etale cycle maps 


Z?(W)a-> CHi(X)a ^ H^{Xa, A(l)) 



Zo(1^^"")a 


^H^int,A{l)). 
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The right vertical isomorphism is due to proper base change for etale coho¬ 
mology [SGA4.5, IV, Thm. 1.2]. The cycle map cx is injective as it is equal 
to the composite map 

CHi(X)a ^ Pic(V)A A(l)) 

which is injective by Kummer theory. So the proposition follows in this case. 

For d general fix a projective embedding X C If k is finite, the 
assertion to be proved is invariant under extension of k to its maximal pro-A 
extension, for some prime I prime to m. For this, one applies the flat pull-back 
and proper push-forward [Ful84, p. 394]. So we may assume k to be infinite. 

Consider an element 

S 

'^ri[Zi] e ker(p) 
i=l 

with Zi an integral scheme, flat over A, disjoint from Then (Zjnyjred 

consists of a closed point Zi of V®™. Choose a lift Z'- of Zi, i.e. an integral 
one-cycle Z[ d X which is finite, flat over A, and such that Z[r\Y = Zi 
in the sense of schemes. When choosing the lifts Z[ we can make sure that 
Z[ = Z'- whenever Zi = Zj. This condition implies that = 0 

in Z^(A)a, where n* is the intersection multiplicity of Zi and Y. Hence, in 
order to prove the proposition, it is enough to show that 

a([y,]-n,[Z']) = 0 

for all 1 < f < s. Here a : Z^(A1)a —>• CHi(A)a is the canonical map. So we 
need only consider an element of the form [Z] — n[Z'] € ker(p), i.e. Z', Z are 
one-dimensional integral, finite, flat schemes over A, with Z' dY reduced (in 
particular Z' is regular) and n is the intersection multiplicity of Z and Y. 

We first assume that Z is regular. We prove this special case by induction 
on d > 1, using a Bertini type argument. Later we explain how to reduce to 
this special case. As by assumption, H^[Z,Oz) is a discrete valuation ring, 
the embedding dimension of Z H V is at most one. So by Bertini’s theorem 
[AK79] there is an ample hypersurface section Hy of Y such that Z fl V is 
contained in Hy and such that Hy is a simple normal crossings subvariety 
of y. If Hy is chosen ample enough we can lift it to a hypersurface section 
H oi X flat over A and containing Z, see [JS12, Thm. 1] and [SSIO, Sec. 4]. 
Then H is regular and its reduced special fiber is a snc divisor. 

Next we use Bertini’s theorem [loc. cit.) to find a snc subvariety Hy of 
y which satisfies 
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• Hy is of dimension one, 

• Y r\ Z' \s contained in Hy, 

• Hy is the intersection of d — 1 ample hypersurface sections, 

• Hy n Hy consists of reduced points in 

If the hypersurface sections are chosen ample enough, we can lift Hy to 
a closed subscheme H' C X, regular, flat over A, such that [H' ® /c)red is a 
snc divisor on H' and such that H' contains Z'. The scheme H DH' is finite, 
flat over A and its intersection with Y is reduced. In particular H H' \s 
regular. Let Z” be its component containing Z' D Y. 

By the induction assumption, \Z] — n[Z''] vanishes in CHi(Lf)A, thus 
it also vanishes in CHi(X)a, so ct{\Z] — n[Z'']) = 0. By the d = 1 case of 
the proposition, [Z'] — [Z"\ vanishes in CHi(iL')A, thus it also vanishes in 
CHi(X)a, so cr([Z'] — [Z"]) = 0. Finally, we obtain 

a(lZ] - n[Z']) = a{[Z] - n[Z"]) + na{[Z"] - [Z']) = 0. 

To finish the proof we apply Bloch’s idea in [EW13, App.] to treat the 
general case. Let Z be the normalization of Z. As A is excellent, Z is finite 
over Z, we can find a projective embedding Z —>■ . Let X be P;^ and Y 

be P^. Choose a lift of the closed point {Z H Eji-ed fo a closed subscheme 
Z' d X which is etale over Z'. Let h be the intersection multiplicity of Z 
and Y. Then the push-forward of [Z] — n[Z'] along X —X is equal to our 
old cycle [Z] — n[Z']. 

The cycle [Z] — n[Z'] is in the kernel of the restriction map 
~p : Z?(X)a ^ Zo(y^“)A, 

so it vanishes in CHi(X)a by what is shown above in the case of regular 
cycles. Finally, this implies that (t{\Z] — n\Z']) vanishes too. □ 

5. The inverse restriction map 7 

Recall that in Section 4 we constructed a canonical homomorphism 


7:Zo(ynA^CHi(X)A. 
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Theorem 5 . 1 . Under the assumptions of Proposition 4 - 1 , there is a unique 
homomorphism 7 : C(Y) —)■ CHi(X)a making the diagram 

C(T)— ^-^CHi(X)a 
Zo(1^^“)a Zf (X)a 

commutative. In other words, the map 7 factors through C(Y). 

Proof. Uniqueness in the theorem is clear, as by construction, the left vertical 
arrow is surjective. In order to prove that the factorization 7 of 7 exists, we 
have to show that for a type i datum {Ci,gi) (i G {1,2}) on Y we have 

0 = 7(div(5,)) gCHi(X)a. 


Type 2 datum: 

Let ((72,(72) be a type 2 datum. The idea is first to lift the curve C2 to a 
‘nice’ flat curve C2 U X over A. In a second step we lift (72 to 52 G k{C2)^ 
such that div(52) G Z}'(A) has restriction div(g'2) G Zo(T®™). Then the class 
of div(52) in CHi(A)a is 7(div(g(2)) and we are done. 

We start with the construction of the lifted curve 02 - The argument is 
similar to [GLL13, Lem. 2.5]. Let X be the ideal sheaf defining C 2 in Y. By 
Lemma 2.3, the Oy,c^ /Xc~-module has a basis ai,..., a^-i- Lift 

ai to an element ai G Ox,c^ which is a unit at the maximal points of 
Let L{ai) C X be the Zariski closure of the closed subscheme of Spec(!lx,C|° 
given by hi = 0. Let P{ai) be the set of maximal points of L{ai) Pi 
Clearly, the points P{ai) have height one in y®™g. Lift 02 to an element 
0.2 G Ox,c^ which is a unit at the points P(ai). Let L{ai,a2) be the Zariski 
closure of the closed subscheme of Spec(!lx,C“ given by hi = 02 = 0. Let 
P(hi,h2) be the maximal points of L(hi,h2) H y®™s. Clearly, the points 
P(hi,h2) have height two in y®“g. We proceed like this. 

In the end we get elements hi,..., h^-i G Ox,c^ ■ Let be the closed 
subscheme of Spec(!lx,C^ defined by the ideal 


aiOx,c^ -h ad-iOx,c^ C Ox,c^ 

and let C2 be the closure of in X. By Nakayama’s lemma the closed 
subschemes C2AY and C2 of Y coincide in a neighborhood of . The 
scheme C2 is regular around the points (7|°, because at each y G the 
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intersection of C 2 with an irreducible component Yi of Y is regular and 
proper. This implies that C 2 is flat over A. Furthermore, C 2 O is finite, 
because it has dimension zero or is empty. 

Let be the finite set of points of C 2 consisting of the maximal points 
of (72 n T and the closed points C 2 O In a neighborhood of (7|°, the 

scheme (72 H T is the disjoint union of C 2 and a residual part. Thus, there is 
a direct product decomposition of rings 

^C2r\Y,c^ ~ ^C2,CT ^ ^ 

where i? is a semi-local ring of dimension one. It gives rise to an element 

( 52 ; 1) £ Oa v-aoo which we lift to an element 52 G 
C2nT,C2 

As (7|° contains the points of C 2 H div(^ 2 ) is in Z^(A). As restric¬ 

tion of rational functions commutes with taking associated divisors, we have 
p(div( 52 )) = div( 52 )- So one has the commutative diagram 

0 

Zo(y^“) -Zf (X) div(52) ^ div(52). 

This finishes the proof in this case. 

Type 1 datum: 

Let {Ci,gi) be a type 1 datum. We consider a morphism vr : X —> X which 
is a repeated blow-up of closed points of X, all closed points lying over 
We write Y for the reduced special fiber of X, etc. Note that Y C X is a 
snc divisor. By a careful choice of the closed points, i.e. the centers of the 
blow-ups, we can assume that the strict transform Ci of Ci in X satisfies 
the following properties (see Jannsen’s appendix to [SSIO]): 

(i) Cl is smooth around 7 r“^(y®™^), 

(ii) Cl n y®™s consists of reduced points, 

(hi) all points y ^ Ci lie on at most two components of Y. 

Let p : Z®(X) —>■ Zo(y*^™) and 7 : Zo(y*^™) ^ CHi(X)a respectively 
denote the restriction map and the map given by Proposition 4.1 applied 
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to X. There is a commutative diagram 


7 




7 


whose upward vertical arrows are the naive pull-back homomorphisms and 
whose downward vertical arrow is the canonical push-forward homomor¬ 
phism TT* : CHi(X) ^ CHi(X) (see [Ful84, Sec. 20.1]). 

We are going to show that 7(7ry (div(( 7 i))) vanishes, which by the above 
commutative diagram will imply that 7 (div( 5 fi)) vanishes. 

Let Yi be the irreducible component of Y containing Ci and let rj be the 
generic point of C\. From here we proceed similarly to type 2 data. Choose 
a basis ai,...,Orf_i of the -module ^cru{r,}ASru{r,}’ 

where X is the ideal sheaf defining Ci in li. 

Exactly as for type 2 data above we lift the ai to elements 

ai, • • •, CLd-i G 

and obtain the closed subscheme Ci X X as the Zariski closure of the closed 
subscheme of SpecO^j defined by oi = • • • = a^-i = 0. Note that Ci 

is regular around U {??} and flat over A. Choosing the local parameters 
as for type 2 data, we can assume that Ci D consists of only finitely 

many points. 

Let be the finite set of points consisting of the maximal points of 
Cl n y and the points Ci H Let gi be the rational function on Ci 

induced by gi. There is a unique element ^i G - which restricts to 

gi on Cl and to 1 on the other irreducible components of Ci H y. We lift 'gi 
to an element gi G . 

We observe that div( 5 i) is in Zf(X) and that this element restricts, 
via p, to dw{gi) G Zo(y"“). So dw{gi) = 7 (div( 5 i)) = 7(7rf (div( 5 i))) G 
CHi(X)a. Hence 7 ( 71 ^(div(( 7 i))) vanishes in CHi(X)a, as required. □ 


(^)a 


(^)a 
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Corollary 5.2. Under the conditions of Theorem 3.1, the restriction homo¬ 
morphism p : CHi(X)a ^ C{Y) is an isomorphism. 

Indeed, 7 is inverse to p. 

6 . Around the motivic Gysin homomorphism 

The definition of the cycle group C{Y) of a snc variety Y over the perfect 
field k we gave in Section 2 is purely geometric. However we will see in the 
next section that under certain assumptions it has a canonical description 
as a motivic cohomology group. In order to construct such an isomorphism 
we have to use certain explicit descriptions of the motivic Gysin map for 
which we did not hnd a reference in the literature. In this section, we can 
only sketch the arguments, based on [VoeOO], [Kell3] and [Del2]. 

In the following, we work in Voevodsky’s triangulated category of geo¬ 
metric motives DMgm{k) := DMgm{k] K) with coefficients in A. Recall that 
A is our hxed commutative ring of coefficients. We say that condition (f) is 
satisfied if one of the following properties holds: 

(ti) A = Z[l/p] or 

(f 2 ) A = Z and resolution of singularities holds over k in the sense of [FVOO, 
Def. 3.4]. 

Under the condition (f), which in this section we will always assume to 
be satisfied, it is shown in [VoeOO] and [Kell3] that the category DMgm{k) 
is a rigid tensor triangulated category. Furthermore, to any variety Z/k, one 
can associate a motive Mgm{Z) G DMgm{k) and a motive with compact 
support Mg^{Z) G DMgm{k) satisfying certain functorialities. For a smooth 
equidimensional variety Zjk of dimension d there is a canonical duality iso¬ 
morphism 

Mgmizy = M;;^{z){-d)[-2d]. 

For a closed immersion of varieties Zi —)■ Z 2 there is a canonical exact triangle 

(6.1) M^g^iZr) ^ MI^{Z2) ^ MI^{Z2 \ Zy A M,^^(Zi)[l]. 

For a closed immersion of codimension c of smooth equidimensional varieties 
Z\ —>■ Z 2 there is a dual Gysin exact triangle 

(6.2) Mg,n{Z2 \ zy ^ Mgm^zy) ^ Mg,n{Zi){c)[2c] A Mg^{Z2 \ Zi)[l]. 
The following proposition is [Del2, Prop. 1.19(iii)]. 
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Proposition 6.1. Consider a commutative square of varieties 

Z[ - 

/ 

Zi - > Z2 

where the horizontal maps are closed immersions of codimension one between 
smooth varieties. We assume that in the sense of divisors f*{Zi) = 

Then the square of Gysin maps 

Mgm{Z^) ^ Mgm{Z[){l)[2] 

/. 

Mgm{Z2) > Mgm{Zi){l)[2] 


commutes. Here the upper horizontal arrow is m times the Gysin map. 

Recall [VoeOO, p. 197] that Suslin homology hj{Y) of a variety Y/k can 
be described in terms of motivic homology as 

h^(Y) = HomnM,^^k)iMj],Mgm(Y)). 

Lemma 6.2. There is an exact sequence 

0 —?• i? —> Zo(P)a ^0 (^) 

where R is the K-module of zero-cycles generated by the divisors of rational 
functions g, on integral closed curves C C Y, which satisfy the following 
property: Let C be the compactification of C which is normal outside C and 
let C°° C C be the points not lying over C. We endow C°° with the reduced 
subscheme structure. Then we allow those g satisfying 

<,€ker{0«^^0g.). 

The lemma is deduced from the definition of Suslin homology, see [Sc07, 
Theorem 5.1]. Note that the rational functions in Lemma 6.2 are similar to 
the rational functions in type 1 data in Section 2. 
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For simplicity of notation, we write 

= Hom,5M,.(fc)(M3™(y), A(j)[i]), 

= HomBM,„(,)(M3^^(y), A(j)[i]), 

Hi,,{Y) = HomBM,„(fc)(A(j)[i],M3^(y)), 

HY{Y) = Hom^M,„(fc)(A0-)[i],M3^^(y)). 

Motivic cohomology has an explicit description in terms of a cdh-cohomology 
group 

(6.3) H^^^{Y) = H\Y,^^,k{j)), 

where A(j) = C*Air(G()f )[-j] is the bounded above complex of sheaves 
of A-modules dehned in [SV02]. liY/k is smooth we can replace the cdh- 
topology by the Nisnevich topology in equation (6.3). 

Let now Y/khe& smooth integral curve with smooth compactihcation Y. 
We write Y°° for the reduced closed subscheme Y \ Y. The Gysin exact 
triangle (6.2) gives us a morphism d : Mgjn{Y°°){l)[l] —)• Mgm{Y). Note 
that there are canonical isomorphisms 

(6.4) 0(y-)x ®^A = Hom^M,„w(M,^(y-),A(l)[l]) 

= Hom^M,™(,)(A,M 3 ™(y-)(l)[l]), 

For the first equality use [MVW, Lee. 4], Consider the diagram 


(6.5) 


OY 

Y , Y °° 

div 

My) 


^0{Y° 


Homz,M,.(fc)(A, Mgm{Y^){l)[l]) 


■RomnM,^ik)MMgm{Y)) = hl(Y) 


where the map a is the restriction map to the product of the residue helds 
of the semi-local ring Oyy°° map induced by (6.4). 

Proposition 6.3. The diagram (6.5) commutes. 

Proof. Let V C y be an open neighborhood of Y°°. We have the duality 
h^fY) = Hom£) 7 v^^^(fc)(Mg^(y), A(l)[2]) and the isomorphism 


0^iV)^A = RomDMMMgmiV),Ail)[l]). 
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Via these isomorphisms the two morphisms 


Hom,rM,.(iV4^(V), A(l)[l]) ^ Hom^M,.(,)(M=^(y), A(l)[2]) 

from diagram (6.5) are by definition both induced by the boundary map of 
the homotopy cartesian square 


Mg^{V) - >Mg^{Y) 


MgUV/Y-°) - >M^^{Y). 


Here, for a morphism Zi —?■ Z 2 , the relative motive Mgm{Z 2 /Zi) is defined 
as the mapping cone of the morphism of complexes of Nisnevich sheaves with 
transfers Mgm{Zi) —>■ Mgm{Z 2 )', we view it as an object of DMgm{k). The 
motive with compact support Mg^{Y) can be identified with MgmiY/Y°°), 
which explains the lower horizontal map in the square. The square is homo¬ 
topy cartesian as the cones of the upper and of the lower horizontal maps 
are isomorphic to MgmiY/V). 

One way to get the boundary map of the cartesian square is, via the 
above identification, as the composition of 


Mgm{Y/Y^) ^ MgmiYiV) ^ Mgm{V)[l] 


which corresponds to the left/lower path in the diagram (6.5). Indeed, by 
the Gysin isomorphism we get 


Homz)M,„(ib4^(y/V),A(l)[2]) = 0 A. 


y£Y\V 

Another way is as the composition of 


M^g^iY) ^ Mgmirnm ^ MgUVrn 


which corresponds to the upper/right path in the diagram (6.5). This is clear 


in view of the isomorphism (6.4). 


□ 


Let Y be equidimensional of dimension d and let y G V®™ be a closed 
point. The Gysin morphism and the description of motivic cohomology in 
terms of Milnor AT-theory [MVW, Lee. 5] induces a morphism 
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Here Milnor X-theory is taken with A-coefficients. 

Proposition 6.4. Let Y/k be a snc variety of dimension d and let U C P®™ 
he a dense open subseheme. 

(i) For i— j > d, the group vanishes. 

(a) For j > d, the map 

(6.6) ®yiy: 0 Kf_,{k{y)) ^ 

ysc/(o) 


is surjective. 

Proof, (i) This is clear from the calculation of in terms of cdh- 

cohomology as the complex A(j) lies in D-^(Y ; A) and the cdh-cohomological 
dimension of T is d [SV02, App.]. 

(ii) We use a double induction on d and on the number r of irreducible 
components of Y. For Y = Yi smooth we can use the coniveau spectral 
sequence, see (9.1), to get an isomorphism 

- Ao{Yi,j - d) 

where the right-hand side is Rost’s Chow group with coefficients in Milnor 
X-theory [R96]. An elementary moving technique shows that the canonical 
map 

(6.7) 0 K^_Ak{y))^Ao{Y,,j-d) 

yec/(o) 

is surjective. In fact, for G K^^{k{x)) with x closed in Yi \ U, choose 
x' G 17(1) such that x lies in the regular locus of W = {x'}. Choose G 
A'j'f^^_l_^(/c(x')) such that the residue symbol of f at x is ^ and such that 
the residue symbols of f at the other points of W D (Yi \ U) vanish. Now 
[f] G Ao(yi,j - d) is equal to -Y.ye{WnU)ol^y(^')]^ belongs to the 

image of (6.7). 

For general Y with irreducible components Yi,..., Wj we consider the 
decomposition Y = Yi U Y' with Y' = 12 U ... U W- Part of the exact 
Mayer-Vietoris sequence for the cdh-covering Yi ](J Y' —)■ Y reads 


H^+d-kj(Y^ n Y') ^ 77^+'^’^ (Y) ^ 77^'+'^’^ (Yi) © 77^+'^’^ (Y'). 
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By the induction assumption, we already know that the image of ®y&U{o)h 
maps surjectively onto the direct sum on the right-hand side. So we only 
have to show that the image of a also lies in the image of ®y£U(o)^y 
By the induction assumption, we know that the homomorphism 

(6.8) Ly : 0 A'f ^ n y') 

induced by the Gysin map is surjective. We have to give an explicit calcula¬ 
tion of its composition with a. 

Claim 6.5. The image of the composition of (6.8) and a is contained in the 
image of the map (6.6). 

Let y be a closed point in (Yi fl T')®™. By the Bertini theorem, we can 
choose a snc subcurve C on Y containing y such that C fl 17 is dense in C (in 
the case of a finite base field k, use [P08]). Let Ci = Cf\Yi and C' = Cr\Y'. 
In the triangulated category DMgm{k), we have the commutative diagram 
of Gysin maps 


(6.9) 


Mg^(yi n Y') -^ ^ Mgm{Y) 


Gy 


Gy 


Gy 







MgmiCl n C")(c)[2cl ^ (Ms^(Cl) © MgmiC')) (c)[2cl ^ M,m{C){c)[2c] 


where c = d — 1. These Gysin maps are constructed via the Gysin maps 
for smooth schemes by using the Cech simplicial scheme associated to the 
covering by irreducible components. This shows that we can assume 7=1 
in the proof of the claim. For 7=1, one gets a commutative diagram 


Kf {Oy^X^MUpy^)) 


^Kf{Yif\Y') 






Here, the Milnor iL-group of a ring is simply the quotient of the tensor 
algebra over the units by the Steinberg relations and the maps from Milnor 
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i^-theory to motivic cohomology are as defined in [MVW, Lee. 5]. The lower 
square is commutative because for an open neighborhood V of Yi D Y' in , 
the composition of d from (6.9) with Mg^iYi O Y') Mgm{V) is equal to 
the composition of the maps 

Mgm{Y) ^ Mgm{Yl{V U Y')) ^ Mgm{YilV) Mgm{V)[l]. 

We now explain the isomorphism in the middle: by Mayer-Vietoris applied to 
the covers Y = YiUY' and VVJY' ([VoeOO, Prop. 4.1.3], [Kell3, Prop. 5.5.4]), 
one has a commutative diagram in which the rows are exact triangles 

Mg^{V) -^ Mgm{V U Y') -^ MgmiY'lY’ n Yl) 

Mgm{Yi) -^ Mgm{Yi U Y') -> MgmiY'lY' n Yi) 

Mg^{Yl/V) Mg^ijjV U Y'). 

In addition, by definition of MgmiYilV) and MgmiYjV U Y'), the columns 
are exact. This implies the isomorphism. This finishes the proof of the claim 
and also of Proposition 6.4. □ 

Let now X/k be a connected smooth variety and Y C Y a sne divisor. 
For a closed point y G 

( 6 . 10 ) \y:k{yY ^hl{X\Y) 

be the composite homomorphism 

k{vr ^ ^ ^hl{X\ Y). 

Proposition 6.6. The maps Xy (y G Y®™J are uniquely characterized by the 
following property. Let C C X be an integral closed curve disjoint from Y®™® 
and not contained in Y. Let C°° = [C r\ Y)red CLiT-d let rj be the generic point 
of C. For y G C°°, let my be the intersection multiplicity of C and Y at y. 
Consider an element g G { 7 j}uC”' have 

div( 5 ') + ^ myXy{g\y) = 0 in h^{X\Y). 


( 6 . 11 ) 
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Proof. Uniqueness is clear: take a curve C intersecting Y transversally and a 
rational function g equal to 1 at all but one point y of C°°, this determines the 
map \y. To prove (6.11), we first reduce to the case dim(A) = 1 by applying 
Proposition 6.1 with Zi = Z2 = X \ and Z2 the normalization 

of C. The case dim(A) = 1 is a consequence of Proposition 6.3. □ 

7. Motivic interpretation of C{Y) 

For the category DMgm(k) we use the same notation as in Section 6 . In this 
section A: is a perfect field, Y/k\s a. projective snc variety of dimension d and 
T :Y —>■ N is the function locally counting irreducible components. Let p be 
the exponential characteristic of k. 

The localization exact triangle 

from [VoeOO, Prop. 4.1.5], [Kell3, Prop. 5.5.5] induces an exact sequence 

(7.1) ^ 2 d-l,d^ysmg) ^ f^S (ysm) ^ ^ Q. 

In fact hQ(y®™) = (Y^'^) by duality. We remark that Proposition 6.4 

implies that _ g ^ 2 d-i,d^ysing^ -g gp^nned by the 

images of the groups k{y)^ A with T{y) = 2 via the Gysin maps. Let 
Yi,..., W be the irreducible components of Y and assume that y is contained 
in the two components Yi and Y 2 . The composition Xy of the maps 

k{y)^ ^ ^ 2 d-i,d^ysing) ^ h^(y®“) = \ (Yi n y"“4) 

is equal to the sum of the two maps defined in ( 6 . 10 ) for the two components 
Yi and Y 2 . This is clear by using functoriality along the map Yi jj Y 2 —>• Y. 
Thus, the exact sequence (7.1) induces an exact sequence 

0 k{y)^ A ^ ^ ^ 0. 

'r(y )=2 


By Lemma 6.2, we can identify the quotient of Zo(Y®™)a by the sub-A- 
module generated by type 1 relations with (see Section 2). There¬ 

fore, the cycle group C(Y) has the analogous presentation 

0 A ^ h^(Y"”) ^ C(Y) ^ 0. 

{02,92) 
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The direct sum on the left runs over all type 2 data. 

The canonical surjective map 

(C 2 ,g 2 ) 'r{y)=2 

which sends 1 G ^( 02 , 92 ) 52 |c 2 ny=“'f! gives rise to the left square in the 

diagram 

©(C2,90 ^ ^0 > C{Y) -> 0 

I 

e r I ( 

y 

®r{y)=2 HVV A ^ hf (y«”) -^ ^ 0. 

In fact, the left square commutes by Proposition 6 . 6 , so there is a unique iso¬ 
morphism T making the diagram commutative. In summary, we have shown 

Theorem 7.1. Assume that the ring of coefficients A satisfies condition (f) 
from Section 6. For Yjk a projective snc variety, there is a unique isomor¬ 
phism T making the diagram 

Zo(T^“) 

C{Y )— 

commutative. The diagonal map is induced by the Gysin maps of closed points 
y G y®™ as in Proposition 6.4 (H) for j = d. 

Remark 7.2. Theorem 7.1 remains true for A = Z/mZ with m prime to p. 
To see this, simply tensor the diagram taken with A = Z[l/p] coefficients 
with TijniL and use cohomological dimension to show that 

R2rf>rf(y^Z[l/p]) (g)z[i/p] Z/mZ H^<i’<^{Y,ZfmZ) 

is an isomorphism. 

Remark 7.3. The natural homomorphism 7jq{U) — >■ C{Y) is surjective for 
any dense Zariski open subset U C T®™, as can be seen by moving zero-cycles 
ysm type 1 relations. 

We expect that the condition of projectivity in Theorem 7.1 can be weak¬ 
ened to quasi-projectivity. 
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8 . Proof of Theorem 3.1 

This section is devoted to the proof of Theorem 3.1, which we subdivide 
according to the extra assumptions. All constructions are based on the iso¬ 
morphism C{Y) = of Theorem 7.1. 

8.1. Proof of Theorem 3.1 (i) and (ii) 

The assumption is that the (perfect) residue field k is separably closed (thus 
algebraically closed), in (i), or finite, in (ii). 

By Corollary 9.2, the etale cycle map C{Y) —>■ H'^^{Y^t, A{d)) is an iso¬ 
morphism. Define p such that the diagram 

CHi(A)a- 

I 

p I i 

C{Y)^^H^\Y,,,A{d)) 

is commutative. Here the upper horizontal map is the etale cycle map on X. 

8.2. Proof of Theorem 3.1 (iv) 

Let A = Z/mZ with m prime to p. Recall that the Milnor AT-sheaf with 
A-coefficients is defined as the Nisnevich sheafification of the presheaf on 
affine schemes Spec [R) given as follows: take the quotient of the tensor 
algebra 

R I— >■ A (Dz R^ R^^ 

i times 

by the two-sided ideal generated by the elements a<^{l — a) with a, 1—a G R^. 

Rigidity for Milnor AT-theory is the statement that the stalk of the Milnor 
If-sheaf in the Nisnevich topology at a point y G T satisfies 

The same rigidity property holds for motivic cohomology. More precisely, 
consider the morphism of sites e : Ycdh ^Nis and the motivic complex in 
the Nisnevich topology defined as A(j)y^Nis = R^*^{j)Y- Then, for y Y, 
the map 77*(A(j)y^Nis)y is an isomorphism. For smooth Y, this 

follows from [HY07, Cor. 0.4]. For a general snc variety Y with irreducible 
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components Yi,... one reduces the statement to the smooth case by 
means of the descent spectral sequence of the cdh-covering 

r 

i=l 

Thus, using the isomorphism between Milnor it'-theory and motivic coho¬ 
mology for fields [MVW, Lee. 5], we obtain 

Proposition 8.1. For A = Z/mZ with m prime to p, there is a eanonical 
isomorphism of Nisnevich sheaves 

S : JCyj ^ W{A{j)Y,ms)- 

For i > j, the sheaf W{A{j)Y,ms) vanishes. 

Combining this proposition with Theorem 7.1 and cohomological dimen¬ 
sion, we see that there is an isomorphism 

( 8 . 1 ) C(Y) AA H<^{Yms,lC^,d). 

As A is equicharacteristic, the Gersten conjecture for Milnor iL-theory 
[Ker09] implies that there is a canonical isomorphism 

CRi{X)a H<^{Xms,IC^,d)- 

Define p such that the diagram 

CRi{X)k^A^ H^{Xms,Af d) 

I 

PI 

C{Y)^^H'^{Yms,K.^,d) 

is commutative. The right vertical arrow is the restriction homomorphism. 

8.3. Proof of Theorem 3.1 (iii) 

In view of Remark 3.2, we can assume that A = Z[l/(p((i — 1)!)]. As X is 
regular, its iL-theory of vector bundles Kq{X) is the same as its AT-theory of 
coherent sheaves Kq(X) [Gi05, Sec. 2.3.2]. Let Fq C Kq{X) be the subgroup 
spanned by classes of coherent sheaves supported in dimension 0. 
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Claim 8.2. We have Fq = 0 C Kq{X). 

Proof. By linearity, it is enough to see that the class of the skyscraper sheaf 
ix,*k{x) in Kq{X) is zero, where x is a closed point of Y and ix ■ x ^ X 
is the immersion. For simplicity of notation, we write k{x) for this coherent 
sheaf of Ox-modules. Choose a regular connected closed subscheme Z C X 
of dimension 1 with x (z Z and ZjA flat, Z = Spec R. Let G ii be a prime 
element. The short exact sequence of coherent sheaves of Ox-modules 

O^Oz ^Oz^k{x) ^0 

implies [/c(x)] = 0 G Kq{X). □ 

Let a be the composite homomorphism 

CHi(A) ^ K'o{X)/Fo = iL'(X) Ko{X) 

where the first map assigns to the cycle class of an integral curve the class 
of its structure sheaf [Gi05, Thm. 34]. As iL-theory is contravariant, one has 
a restriction homomorphism Kq{X) —>■ Kq(Y). 

From the Grothendieck construction based on the projective bundle for¬ 
mula, one obtains a Chern class map ; Kq{Y) —>■ see [W13, Sec. 

V.ll]. Let p' be the map 

(8.2) CHi(A:) ^ Kq{X) Ko{Y) ^ ^ C{Y). 

The following claim finishes the proof of Theorem 3.1 (hi). 

Claim 8.3. The map 

(8.3) Zf(X) ^ CHi(A) A C{Y) 

is additive and is ( —l)'^“^((i — 1)! times the map induced by the restriction 
homomorphism p : Zf(A) —>■ Zo(W™). 

Claim 8.3 implies that the map p defined as p' tensored by A and divided 
by — 1)! satisfies the properties required by Theorem 3.1. 

Proof of Claim 8.3. We extend the argument of [BS98, proof of Prop. 2]. 
First, we show additivity of the composite map (8.3). Then we prove the 
claim for an integral cycle in Z^(A). 

Let Fq™ C Kq{Y) be the subgroup generated by the classes [A:(x)] with 
x G of dimension 0. Note that the coherent sheaf k{x) of Oy-modules has 
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finite projective dimension, so the element [k{x)] is well-defined in Ko{X). 
We prove that Ci{w) vanishes in for w G Eq“ and i < d. Indeed, 

there is an open subscheme U <ZY such that Y\U consists of finitely many 
closed points in and such that w\u = 0. Now the Gysin exact sequence 

0 = \U)^ 


and the vanishing of Ci{w)\u imply the vanishing of Ci{w). It follows, by the 
Whitney sum formula, that 0 ^ 1 ^^ is additive. As the image of Z^{X) in 
Kq{Y) is contained in Eg™, the composite map (8.3) is additive as well. 

Now we prove the claim for Z an integral cycle in Zf{X). Let y be the 
point (ZnH)red and let n be the intersection multiplicity of Z and Y. Let Yf 
be the irreducible component of Y containing y. 

The commutative diagram with exact columns (Gysin sequence; note 
that Hy'^’'^(Y) = Hy'^’'^(Yi) = A as y is a non-singular point) 


Ko{X) - 
Ko{X\Z) 


A 


A 


Ko{Y) - 
^Ko{Y\{y}) 



Cd 


Cd 


—^ H'id^d^Y) — 
^H^d4^Y\{y}) 


Gy„ 


shows that the image 7 of Z € Z\{X) in H^'^’^{Y) satisfies 7 |y\{y} = 0. 
Thus 7 = Gyy{n') for a unique n' G A. Note that the Gysin maps in the 
above diagram are injective. In fact, the composition of the Gysin map on 

the right with the degree map H'^‘^’‘^(Yi) = CHo(yi) A is multiplication 
by [k{y) : k], which is injective (recall that A = Z[l/(p(d — 1)!)]). 

In the final step, we give a different description of qly. The image of Z 
in Kq(Yi) is n[k(y)] by [Gi05, p. 255]. We have a commutative diagram 

Ko{Y) -^ Lr2'^’'^(y) 

Ko{Yi) ^ GHo(yi). 


By the non-singular Grothendieck-Riemann-Roch theorem [Ful84, Sec. 15.3] 
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the bottom Chern class satisfies 


c4M!/)l)=Gy,((-l)“-l(d-l)!) 

in (Yi). As ncd{[k{y)\) = 7 |y^ we get n' = n{—lY~^{d— 1)!. 


□ 


9. Special fields 


Let Y/k be a proper snc variety of dimension d and let A = Z/mZ with m 
prime to p. In this section, we calculate the group C{Y) in terms of etale 
cohomology when k is finite or algebraically closed. This calculation shows 
that for these special fields, our main result, Theorem 1.1, is equivalent to 
results of Saito-Sato and Bloch [SSIO], [EW13, App.]. 

We write (Y) for the etale cohomology group H^{Y^i, A{j)). Recall 
that there is a functorial etale realization homomorphism 



For smooth varieties, it is discussed in [MVW, Thm. 10.3]. For snc varieties, 
one can define it via the smooth Cech simplicial scheme corresponding to 
the covering of Y by its irreducible components. 

Proposition 9.1. Let k he a finite field or an algebraically closed field and 
let A = Z/mZ with m prime to p. For a snc variety Y/k and s > d, i € Z, 
the realization map Rk/ is an isomorphism, except possibly when k is finite, 
i = 2d+ 1 and s = d. 

Proof. We give the proof for Y/k smooth first and then deduce the general 
case by a Mayer-Vietoris sequence. 

Case Y/k smooth: Consider the coniveau spectral sequences, respectively 
in the Nisnevich and in the etale topology: 


(9.1) 


E\\s)= 0 W-k^-\v) ^ 




(9.2) 



ygy(i) 


Recall the following facts. 
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(i) (Beilinson-Liclitenbaum conjecture) For any field F of characteristic 
prime to m and any i < j, the realization map 

^ H^{F) 

is an isomorphism [Voell]. 

(ii) E\’\s) = 0 for j > s, by the definition of the motivic complex [MVW, 
Lee. 3]. 

(hi) (Cohomological dimension) = 0 for j > d + 1 if A; is finite, for 

J > d if A; is algebraically closed. 

(iv) (Kato conjecture) For k finite and i ^ d, we have i? 2 ^^^(d) = 0 [KS12]. 

Comparing the spectral sequences and using (i)-(iv), we get that the etale 
realization map induces an isomorphism 



if s > d except possibly ii s = i = d and j = d+1. This proves Proposition 9.1 
for Y smooth. 

Case Y/k sne variety: Let Y = Yi U • • • U W be the decomposition into 
irreducible components and set Y' = 12 U • • • U W- We proceed by induction 
on r. The case r = 1 is shown above, so assume r > 1. Consider the etale 
realization morphism of exact Mayer-Vietoris sequences 

dd*-b"(yi) © dd*-b"(y')-^ n Y') -^ dd*’"(y)- 

^ n Y') -. (y)- 

^ W’^{Yi) © W'\Y') -> id*’®(yi n y') 

i h!;^(W) © (W)-> Hi:{Y, n W). 

By the five lemma, the middle vertical map is an isomorphism, since, by the 
induction assumption, the other vertical maps are isomorphisms. □ 

For k algebraically closed, consider the composite map 

deg : C(y) ^ 0 CHo(y.)A ^ A" 

l<i<r 


^et 


(yi)©dd*-b^(y') 


(9.3) 
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in which the first map is induced by the canonical maps Zo(h"®™) —)• Zo(hi) 
and the second map is the direct sum of the usual degree maps of zero-cycles 
of the irreducible components of Y. 

Combining Proposition 9.1 with Theorem 7.1, we get 

Corollary 9.2. For k finite or algebraically closed and Yjk a projective snc 
variety, the etale cycle map C(Y) —>■ H^^''^(Y) is an isomorphism. 

For k algebraically closed and Yjk a projective snc variety, the degree 
map (9.3) is an isomorphism. 

As a further application, we discuss zero-cycles over certain 1-dimensional 
and 2-dimensional local fields. Over 1-dimensional local fields, this reproves 
a result of [SSIO]. 

Proposition 9.3 (Saito-Sato). Let K be a local field with finite residue 
field k of characteristic p. Let A = Z/mZ with m prime to p. For any variety 
Xk/K, the group CHo(A1;^)a is finite. 

Proof. By a simple resolution technique and the Gabber-de Jong alteration 
theorem [ILO, Thm. 0.3], we can assume, without loss of generality, that 
there is a regular scheme X which is projective and flat over A such that the 
reduced special fiber Y of A is a simple normal crossings divisor and such 
that the generic fiber of X is Xk- Here A is the ring of integers in K. The 
left-hand side map in 


CHo(AK)A-CHi(A)A^C(y) 

is surjective and the right-hand side map is an isomorphism by Theorem 1.1. 
We conclude by the isomorphism C{Y) — A{d)) from Corollary 9.2 
and the finiteness of etale cohomology. □ 

Proposition 9.4. Let K be the field of formal Laurent power series k{{'K)) 
with [k : Qp] < oo, A = A:[[ 7 r]]. For any variety Xk/K and for A = Z/mZ 
with m prime to p, the group CHo(Aa')a is finite. 

Proof. We can assume, without loss of generality, that A = Z/.£Z for a 
prime i. As the map CHo(Aa')a —>■ CHo(Aa:k(^^))a is injective, we can also 
assume that A contains a primitive £-th root of unity, which we fix from here 
on. By a simple resolution technique and the Gabber-de Jong alteration 
theorem [ILO, Thm. 0.3], we can assume that there exists a regular scheme 
X, projective and flat over A, whose reduced special fiber Y/k is a simple 
normal crossings divisor and whose generic fiber is Xx- 
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The left-hand side map in 

CHo(Xi^)A-CHi(X)A^C(y) 

is surjective and the right-hand side map is an isomorphism by Theorem 1.1. 

Let d = dim(y). Note that C(y) = by Theorem 7.1. By a 

Mayer-Vietoris sequence argument for a closed covering similar to the proof 
of Proposition 9.1, we reduce to showing that is hnite for any 

smooth projective variety W/k of dimension dw < d. 

The coniveau spectral sequence for W, see (9.1), degenerates to an iso¬ 
morphism 

- coker le^eWa,K^^^^,(k(w}) ^ e^eW,„,K^,^(k(w})l 


from which we deduce: 

(i) For dw < d — 2, we have = 0. 

(ii) For dw = d — 2, there is an isomorphism 

onto Kato homology with A-coefficients, see e.g. [KS12]. 

(hi) For dw = d — 1, there is an isomorphism = SKi{W)a, 

see [Fol5]. 

(iv) For dw = d, there is an isomorphism = CHo(iy)A- 

Indeed, for a finite extension F/Qp the Milnor iP-group with finite coeffi¬ 
cients KI^{F) vanishes for i > 2 [W13, Prop. VI.7.1], hence (i). For (ii), we 
note that by the Bloch-Kato conjecture [Voell] and the fixed ^-th root of 
unity, there is an isomorphism (F) = W{F^t, A{i — 1)) for any held F/k. 

It is known, see the introduction to [KS12] and [Fol5, Rmk. 5.2], that 
the groups S'Ari(iy)A and HQ{KCd^\W)) are hnite. Indeed, for the latter, 
we can assume, without loss of generality (use [ILO], Theorem X.2.4), that 
there is a regular model W of LF over Ok whose reduced closed hbre is a snc 
divisor. Then, by [KS12, Thm. 0.4], the group {W)) is isomorphic 

to a hnitely generated combinatorial homology group which depends on the 
closed hbre of W. The hniteness of CHo(iy)A is shown in Proposition 9.3. □ 

10. Open problems 

Let us keep the notation of Section 3 and consider the ring of coefficients 
A = Z/mZ with m arbitrary, i.e. we allow p\m in positive characteristic. Set 
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Yn = X X/{7r"'), where vr is a prime element of the discrete valuation 
ring A. Recall that K denotes the quotient field of A. The isomorphism (8.1) 
motivates us to define an ad hoc version of ‘motivic cohomology’ of Yn in 
bidegree (2d, d) as 

where Ky d Milnor AT-sheaf with A-coefhcients as defined in Section 8. 

Assuming the Gersten conjecture for Milnor A'-theory of X, we get a 
compatible system of homomorphism 

(10.1) CHi(A)A^A'‘^(XNis,/C^rf)^C(y„) (n>l). 

It is not difficult to show that the pro system (C(Yn}}n is pro constant if 
ch(A') =0. As a potential generalization of our main result, Theorem 1.1, 
we conjecture: 

Conjecture 10.1. For ch(A') = 0, the map (10.1) is an isomorphism of pro 
abelian groups. Here we think of the group CHi(A) as a constant pro group. 

Conjecture 10.1 is related to a conjecture of Colliot-Thelene [CT95]. In 
fact, we expect that for A = Z and [K : Qp] < oo, there should be an 
isomorphism 

CHo(yA-) = Z © Zp 0 (finite group) © (divisible group). 

Here, the integer w should be the Zp-dimension of the Lie group of AT-points 
of the Albanese variety of Xk- The decomposition is not canonical, but the 
individual summands are unique up to isomorphism. 

In another direction, we expect that an analogue of Theorem 1.1 for 
“higher zero-cycles” holds. For a noetherian scheme S of finite Krull dimen¬ 
sion, let H^’^(S) denote motivic cohomology with A-coefficients, defined for 
example using the Eilenberg-MacLane spectrum constructed in [Spl2]. We 
consider the restriction homomorphism of motivic cohomology groups 

( 10 . 2 ) W’^{X) W'^{Y). 

From here on, we assume that A = Z/mZ with m prime to p. Even with 
these coefficients, we cannot expect that the map (10.2) is an isomorphism 
for general i and j, as the following example shows. 

Example 10.2 (Rosenschon-Srinivas). In [RS07], an elliptic curve E over a 
p-adic local field K with finite residue field, such that CH^(A^)a is infinite for 
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certain m (A = Z/mZ), is constructed. By general conjectures, we expect 
that there exists a model XjA as above with Xk — that there is a 
surjection H^’‘^{X) -» CH^(X;^)a and that is finite. Granting this, 

the restriction map (10.2) cannot be injective in this case. 

Conjecture 10.3. Under the condition j = d (higher zero-cycles) or under 
the condition i — j = d (zero-cycles with coefficients in Milnor K-theory), 
the map (10.2) is an isomorphism. 
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